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derive relations between transport coefficients of (2 + l)-dimensional systems. Our analysis 
includes relativistic and Galilean invariant systems, as well as systems without boost invariance 
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hole background. 


Keywords: [Ward Identity, Transport Coefficients, Quantum Hall Fluid, Holography . 









Contents 


|l]. Introduction 




The general Ward identities 
|2.1| The general case 

133 Case with translation invariance 
|2.2| Galilean invariant case 

Case with translation invariance 
without translation invariance 
Non-zero magnetic field 


2 . 2.1 


2.3 Case 


2.3.1 


I 

I 

I 

I 

0 

I 

0 


1^ Conclusions 


13 


[A| . Formulas for general Ward identities 

|A.l Galilean invariant case with magnetic field 
A.2 General case with magnetic field 


14 

B 

15 


1. Introduction 

Field theories in 2+1 space-time dimensions describe the dynamics of a large variety of systems, 
ranging from the low energy dynamics of two-dimensional branes in string theory to many con¬ 
densed matter systems such as graphene, thin films of superfluids. Quantum Hall systems and 
possibly high superconductors. Despite the fact that these systems differ in their details, one 
can use symmetries in order to derive Ward identity relations applicable to all of them. 

In a previous work [1] we used Ward identities corresponding to area preserving and confor¬ 
mal transformations to derive relations between the Hall conductivity and viscosity in systems 
with broken parity and time reversal invariance. We also derived a relation between the angular 
momentum density and the Hall viscosity in gapped systems. In addition, the relation is shown 
to be valid in the presence of massless Goldstone bosons separated by an energy gap from other 
excitations. In this work we will extend the analysis and derive relations between the shear 
and bulk viscosities and the conductivity. We will consider the Ward identities for general linear 
transformations, that include the area preserving transformations and dilatations as special cases. 
We will consider translation invariant, as well as broken translation invariant cases, and include 
an external magnetic field. Our analysis extends the work of [2] for Galilean invariant systems 
to relativistic systems, and to systems without boost invariance, such as Lifshitz theories. In the 
relevant limits, our general results agree with effective theory relations of incompressible Hall 
fluid, and with holographic calculations in a magnetically charged black hole background. 
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An outline of the paper is the following: starting from general linear transformations, we 
derive a Ward identity ( |2.13 ) in terms of retarded correlators and equal time commutators. In the 
general case, the momentum and current operators are taken to be independent, as in §2.1. After 
evaluating the equal time commutators, the Ward identity relates the retarded correlators to one 
point functions ( |2.18 ). By imposing rotation and translation invariance, we derive the Ward 
identity ( p.23 ), valid for general frequency and momentum. We find agreement with previous 
holographic computations in magnetically charged black holes [3-5]. 

We consider Galilean invariant systems in § |2.2| . The Ward identity that relates the retarded 
correlator of the current to the expectation values of charge and angular momentum is written 
in ( 2.35 ). From the general form we derive the Ward identities ( p.39 )-( 2.41 ) in the cases where 
the system is rotation and translation invariant. We then consider the special cases with zero 
magnetic field (2.42) and non-zero magnetic field but small frequencies ( 2.43| ). We check that 
our results agree with the results of [2]. 

There are more 


Systems with broken translation invariance are separately considered in §2.3 


terms that contribute to the Ward identity, proportional to derivatives of one-point functions. 
The Ward identity for a Galilean invariant system is given in (2.48). At zero magnetic field it 
reduces to a simple form ( p.55|) if there is rotational invariance. At zero frequency, we obtain a 
set of simple relations 


among viscosity, pressure and angular momentum. In the presence 
of magnetic field, the corresponding Ward identity and the relation among transport coefficients 
becomes more complicated as (|2.63) and 


with(out) Galilean invariance in A.l| (| 
time translation invariance. 


We list the general Ward identity formulas 
which are valid for the systems with rotation and 


2. The general Ward identities 


In a Galilean invariant system one can derive general relations between viscosities and conduc¬ 
tivities by acting with time derivatives on correlators of the current [2]. In relativistic systems, 
or in general systems where current and momentum are independent, the equivalent relations 
should be derived from correlators of the momentum (or rather the momentum density T^*). 
Therefore, we will be interested in deriving relations between transport coefficients from 


pi 


dtdt 


iQ{t — i) 




( 2 . 1 ) 


Note that, before introducing any explicit form for the correlators, the relations that will be 
derived from the Ward identities are completely general, and will apply to any field theory, 
independently of whether it has an effective ffuid description or not. For instance, they can also 
be used for states with broken translation invariance, that at low energies can behave as elastic 
media. 

Since we will be interested also in Quantum Hall fluids, we will include in the analysis an 
external magnetic field. When the magnetic field is non-zero there are some subtleties that 
have to be taken into account. For a constant magnetic field the state is isotropic, but the 
energy-momentum tensor is not conserved 


d^pi^i ^ Be\r. 
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Therefore, the standard angular momentum is not conserved, dtL ^ 0, where 

L = y (fxeijX^T^K (2.3) 

Nevertheless, for a constant magnetic field it is possible to define an angular momentum operator 
that is conserved 

Lb = J (fxeijx^ . (2.4) 

The density J® is the generator of global U{1) transformations, so the conserved angular mo¬ 
mentum generates a combination of geometric rotations and ‘gauge’ transformations on states. 
We identify 

j.0i ^ j^Oi _ ^ 2 . 5 ) 

as the generators of spatial translations in the presence of a magnetic field. We have presented 
more details and particular examples in [1]. 

We will use the following shorthand notation for energy-momentum tensor and current cor¬ 
relators 


= iQ{t - i) {t,x),T^f^{i,x)]), = i ( [r'^'^(t,x),r“^(t,x) 


Ql,u,a = j0(t _ i) ( [T>^^{t,x), J“(£,x)]), 
= i0(t - i) {[J^^{t,x),T^^{t,x )]), 
= ie{t- i) {[J^{t,x), r{i,x )]), 


= j^(t,x),r“^(t,£) 

= i([j/^(t,x),j“(t,£)]). 


( 2 . 6 ) 


The Gs are retarded correlators, while the Gs are equal time commutators. Since we are defining 
the correlators with a general dependence on the spatial coordinates, we will include in our 
analysis states with broken translation invariance. We will assume, however, that the ground 
state is time translation invariant. Similarly, we will use the notation Cb for commutators 
involving the operator (2.5). We will also use the following notation for the delta functions in 
time and space 

6 = 6{t- i), 6' = 6'{t - i), 4 = S^^\x - x). (2.7) 

One side of the Ward identity is and the other side can be obtained by 

taking the time derivatives and using the conservation equations (^). We obtain 


- 6{dt - 4)0°^'“ 

+ dndmG^^^^ - + Bh^J^G^^ 

= - 6{dt - 4)0°^'“ + 5Se4G"’“ - 

+ dndmG^^^^ + Se44G"^’“ + Be^^dtG^^’^ - Bh^J^G^^ 

= -l(9t- 4) (5G°^'“) + ^<5 


We perform a Fourier transform 


(2.9) 
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The Ward identity can then be written as (we also use G for the Fourier transform with respect 
to time) 


^2G0j0i _ 


= ^ - d„ 


+ I - I + dndmG^^^K 


We will make use now of the fact that Te is the density for the generator of translations, and 
write the following operator identity for the equal time commutators with Tb 


i[T%\x),Om=d^O{x)5^ , 


( 2 . 11 ) 


where O is any operator. With this identity we can simplify the contact terms 


=dnGl^^^ + = dnGl^^^ = -didn (T"^) 4, 

=dmC^J^^ + = djdm (t™') 4, 


( 2 . 12 ) 


where we used the fact that the equal time commutators with the charge density vanish. 
Finally, the Ward identity takes the form 


^2G0j0i _ + B'^e^J^G^'^ 

= + dndmG^^^^ 


(2.13) 


1 
2 1 


dndi{T^^) + d, dm(T 


ml 


Sx- 


2.1 The general case 


We will study first the Ward identity when the current operators J* and the momentum operators 
are independent. We can simplify the contact terms (CTS) on the right hand side of equation 
(2.13) as follows. First, we rewrite the equal time commutator using Gb with (p.5|), followed by 
the operator identity (|2.11), and we get 


CTS = + 


iu}B 


J I I ~m^0j,0 

; „X C/ O -r t rn.X Cy r> 


= lU! 


dndi (T^^) + djd, 

a- (rf \ - di 


^B ' ^ m-^ ^B 

ml \ 


_l_ ^ \j firifll _ I 

“T 2 n'^B ^ m'^B 


/ 


B 


Sx — 


Sx 

iu)B 




(2.14) 


B 


in + Bmd, {Jn 


Sx - - 


2 1 


dndi + djd„ 


-iml 


Second, we simplify the last expression by introducing the explicit form of Tb (2.5) and grouping 
terms 


CTS = ioje^^ [e^mdn + B (J°)] (5, 
1 

~ 2 1 


di{dn (T-^) + Be\ {r)) + d,idm ( r 


ml 


+BB^{jn) 


(2.15) 
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If the angular momentum is non-zero and there is rotational invariance, the expectation value of 
the momentum density should take the following form: 

= ^e^’^ddT. (2.16) 

For a homogeneous system with a boundary, this will become a momentum density at the edge. 
In addition, there can be a non-zero magnetization 


(/) = 


(2.17) 


Introducing both expressions in ( 2.15| ), the Ward identity becomes 


= 




4 + dnd„,G^^^^ 


(2.18) 


diidn - BdjM) + dj(dm (> - BdiM) 


4 . 


In addition to the terms that appear due to the conservation equation of the energy-momentum 
tensor, there are several contributions from contact terms that affect the response of the system 
to external sources. The terms in the last line do not contain factors of u, thus they are associated 
with the response to static changes in the spatial metric, i.e. to the elasticity tensor. If there is 
rotational invariance, the expectation value of the stress tensor will be of the form 
If the stress correlator is approximately a function of a; — x, such that we can perform a Fourier 
transform, we hnd the following additional contributions to the momentum-dependent correlator 
that are needed in order to cancel the contact terms in the Ward identity^ 


~ -{p - MB)6^^^K (2.19) 

These are bulk terms: the pressure term and the inverse compressibility term k~^ = MB = 
that appear in the one-point function of the hydrodynamic stress tensor [2,6-9]. Note that the 
expectation value of the stress tensor as defined from the variation of a generating functional 
differs from the expectation value of the stress tensor in flat space that we defined above, the 
difference being the additional term proportional to the magnetization. In order to define the 
viscosity tensor, these terms are subtracted from the correlator [2,8]. 


2.1.1 Case with translation invariance 

We begin with the simplest case where the system is in a homogeneous state. In this case the 
expectation values of operators are independent of the position, and the terms with derivatives 
in the contact terms will vanish. The Ward identity reduces to 

a;2G°^“(a;,x-x) - iujB€\G^’°^{uj,x-x) + iujBe^^G°^'^{uj,x-x) + B^^^G'^^{uj,x-x) 

= Bn5x + dndmG^^^\uj,x—x)^ 

^For simplicity we consider the magnetic field to be constant. 
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where n = (J®) is the density. We Fourier transform with respect to x — x 

(Pq 


G'^^{oj,x — x) = 


(2vr)2 

(fq 






( 2 . 21 ) 


Since we assume rotational invariance, the Fourier transform of the stress tensor correlator can 
be expanded as 


G'^^"^\u},q) = -ioj q + 6^^6^^ - 

where q, ^ s-nd qn are in general functions of u and q. 

The Fourier transform of the Ward identity reads 

u;^G^^^\uj,q) - iujBe\G^^^\uj,q) + iuSP^G^^^^{u:,q) + B\^ J^G^^{u,q) 
= iue^^Bn — iuj{q^q6^'' + Cq^Q^ + . 


( 2 . 22 ) 


(2.23) 


It is instructive to compare the Ward identity to other calculations in the literature. We are 
not aware of an example where both the viscosities and the finite momentum current correlators 
were computed in a relativistic system. However, we can compare with the results of Hartnoll 
and Kovtun [3] at zero momentum ^ = 0. They computed the current correlators for the 
holographic dual of a magnetically charged black hole in asymptotically AdS^ spacetime. In 
the 2 + 1 dimensional field theory this implies that there is a non-zero background magnetic 
field turned on. According to our derivation, the leading contributions at low frequencies to the 
current correlators should match with the contact term oc Bn. From their equations (48) and 
(50) in [3], the current correlators are 


Qran 



nm 


^0n,m 


• 3e ^ 


^n,0m 


. 3e 


(2.24) 


We see that matches directly with the contact term. The expressions for and 

in the Ward identity give a term such that 


^2(^OiOi(^,0) _ 3£a;2^i' + 


n 


G””^(w, 0) - I + 0(u;3) = 0 (2.25) 

Jd 


From the conservation equation of the energy-momentum tensor at zero momentum 

G”™(u;,0) - 


(2.26) 


So there should be a term in G^^^^ of the form 

G°^“(u;,0) = + 0(u;). 


(2.27) 


Comparing to holographic results, equation (55) in [4], we see that this is what we will find by 
absorbing the contact terms in the energy-momentum tensor correlator. A discussion of contact 
terms in the holographic calculation can also be found in [5]. 
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2.2 Galilean invariant case 

Let us compare our result with those of Bradlyn, Goldstein and Read [2] in the special case 
where there is Galilean invariance. For a theory with Galilean invariance we impose the operator 
relation 

r°* = mJL (2.28) 

Then, the Ward identity (|2.13|) reads 


m 






= {icoSidL + + dndmG^^^^ 


(2.29) 


1 

2 L 


dndi {T^^) + djd„ 


nml 


Sx , 


where we defined the cyclotron frequency as ujc = B/m. We introduce the tensors 

QG = iu:b) + = -iu:b) + 

They have the following properties 

= {u? - u:l)b% = (a;2 - 

We can rearrange the terms in the more convenient form 


(2.30) 


(2.31) 






(n^bl, - n^^bi) c-- + 


dndi (T^^) + djd„ 


The equal time commutator gives (using = 0) 


-tml 


(2.32) 


bx- 


^2 /^nm _ f^OnOm < ^ ,n „S/^0,0m , -S/^0n,0 

mu —U^ +—CgXOf 




dn (rr) - dm (T^") - je^sX^dm (J°) + (J°) 


(2.33) 


= [dn (T^^) - dm (T°") + (J°)] 4. 

Since we assume rotational invariance, the one-point function of the momentum density should 


take the same form as in (2.16). Thus, the equal time commutator becomes 


rr? C”™ = ^ {e^^dn - e^^dm) dslr + e^'^B (jO) 


= e 


-]^dHT + B{j^) 


(2.34) 


bx- 


This leads to 

= {-ojcb^^ + iooe^^) 
1 


--dHT + B{j^) 


bx + dndmG^^^^ 


dndi (T"^) + djdn 


-iml 


(2.35) 


bx- 
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2.2.1 Case with translation invariance 

The Ward identity is simplified to 

= {—ujc5^^ + ioje^^)Bn5x + dndmG^^^\u!,x—x), 
which becomes, after a Fourier transformation in space 

m^n\n^^G^^ioj,q) = + iu;e^^)Bn + qnqmG^^’^\oj,q)- 

The stress tensor correlator can be expanded as in (|2.22| ). This leads to 

+ iu}€^^)Bn — ioj{q‘^r]6^'' + Cq^q'' + 

= ^}\e^’'Bn — ioj{(^ri5^^ + Qq^ q^ + 

If we contract with (V'^ and we find 

rr?{uP‘ — G^^{u, q) = (w^ — + uJcS''^)Bn 


i(jjq 


rj (+ 2iojcOJe'‘^ ) + “ 2ioJcOj5' 


Ak 


,2\Ak 


Ak 


fA fik 

,2 , ,2\Q Q I , . . Ak 


+c (^(cu" - + oJcAA^ + 

We identify the following form factors in the current correlator. 


From the Ward identity they can be written in terms of the viscosities as 


n5 = 

n, = 


1 


— ojD 

1 

W?{uj‘^ — OJ^) 

iojC, 


ojrBn — 


lojq 


w2 - ujI 


iuiBn — 


lujq 


— uj'i 


[ 77 ( 0 ;^ +ojI)- 2 iuJcUjr]H + ujI(\ 
\ 2 iujcOJr 1 + {lA + oAAh + ioJcOjC\ 


m2(w2_^2)’ 

Ilq2^ = 0. 

Note that these expressions are consistent with Onsager relations G^^ {B,r]H) = G^^{—B, 
We will distinguish two different cases 

• Zero magnetic field: When B = uic = 0, the form factors reduce to 

^ i-qq^ ^ iqnq^ *C 

Il5 =-, Ilf =-—, IF 2 = — 


9 ’ 
m^u! 


rrfloj 


mP'OJ 


Low frequencies: We expand to linear order in u) (both and q may contain 

~ 1/w) 


n, 


n 


■ Q 


S- - iuj^{q + C), 

m 


TT . n . 

n. - - 

TT • ^ 

Ug2 


OJ 


qn + 2i — q + 


Wr, 


(2.36) 

(2.37) 

(2.38) 

(2.39) 

(2.40) 

(2.41) 

-Vh)- 

(2.42) 
terms 

(2.43) 
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In both cases we are in agreement with Bradlyn, Goldstein and Read [2], These relations hold for 
instance for incompressible Hall fluids, and can be derived in several effective theory descriptions 
[ 8 , 10 ]. 

2.3 Cases without translation invariance 

When translation invariance is broken there are more terms that contribute to the Ward identity, 
and are present at zero magnetic field. They have at least two derivatives so naively they 
contribute only at higher order in momentum. However, as was shown in [1, 2] the angular 
momentum density It in ( p.l6 ) determines the Hall viscosity in special cases (gapped and in the 
absence of magnetic fields).^ 

The relation was derived using the algebra of linear transformations on the plane. The 
generators are 

(2.44) 




(fxx^T^K 


If the magnetic field is zero, then becomes simply The algebra is 


(2.45) 


The relation to the Ward identity we have derived previously is that the commutator of linear 
transformations appears in the integrated form 


jijkl _ 


J J x*x^/'^^(x,x) 


(2.46) 


One can then understand the relation between the viscosity and the angular momentum because 
the commutator of two shear transformations is proportional to the angular momentum density: 


WijQ^^^^kiQs] ot ^ijQ% — d^B- 


(2.47) 


Where and are Pauli matrices. The derivation is appealing from the point of view of physics, 
since it has a clear geometric interpretation that fits with the Berry phase calculations [11-14]. 
However, there are some subtleties in the derivation. First, the angular momentum density as 


dehned in (2.16) is non-zero only if translation invariance is broken. Second, the integrals over 
space need to be regulated. Both can be related to each other, for instance if the system is in a 
finite volume, or confined in some way by an external potential. In order to establish a relation 
for the Hall viscosity of the homogeneous, infinite volume system one needs to take a limit where 
translation invariance is recovered. This limit does not commute with the zero momentum limit, 
which has to be taken first in order to fix the value of the Hall viscosity. 

In this context, we want to explore if the Ward identity for linear transformations leads to 
more relations that will fix the zero momentum value of transport coefficients. As we have seen, 
in the Galilean invariant case the system is more constrained since the current and momentum 
correlators are not independent. We will focus on this case, but the result we will derive for zero 
magnetic field is also valid for relativistic systems. 


^The original relation between the two was derived in [11] for Galilean invariant systems using different methods, 
see also [12-14]. 
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For general linear transformations the Ward identity is 




1 


nl I ^ Q ^j 0 \^ 


/' 

+ J (fx(fxx^x^dndmG^^^^ -^J (fxifxx^x^ ^dndi (T^^) + djdm (r™^) 

In order to match with the contact terms the stress correlator should take the form 

G”^™'(w,x,x) = -iojff^^\x,x)5^ + 0(a;2). 

We can use that 

J (fxd^ X^x'^dndmifj'^^^^5^) 

= [ (fxcfxx^x’^ + dmt^^^dnS^ + 


(2.48) 


(2.49) 


(2.50) 


= j (fxdndUx'x’^)fi^^^^ = J d‘^x{fj^^^^ + 


where we integrate by parts the derivative of the delta function and do the integrals over the 
delta functions. After doing the similar manipulations, the right hand side (RHS) of the Ward 
identity (2.48|) becomes 


RHS I d^x 


+ x^x^B (J°)j -iLJ d^x 


-^Jd^x {T^) 5 ^' + ( 5 *' + 5 *^' +0{oj‘^). 

If there is rotational invariance = p{x^)6^^, and {J^) = n{x^). Then, 

iio J d^x 


(2.51) 


RHS / d^x 


—£t + 


— ICO 


_ I (fxp + 0 (a; 2 ). 

We expand the viscosity tensor as 

= fj + Cd^^d'^^ + 


(2.52) 


(2.53) 


Plugging it back in the Ward identity, we get 


RHS=nLe^^d^^ I d^x 


f 


X 


—^T + 


_ / (fxp 


— lUJ 


iu J d^x ( 20 '^d^^ + C(W(5^' + d^^d^^) + 277j^e^''(5*^) + 0 {u‘^ 


(2.54) 


On the left hand side we have a term (or iJ^QOnOm relativistic case in the absence 

of magnetic field). It is possible to argue that this is 0{uP) or higher in frequency if there is an 
energy gap and no magnetic field [1,2], or if the only gapless degrees of freedom are ordinary 
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Goldstone bosons. Otherwise there can be additional contributions at low frequencies. Keeping 
this in mind, we will proceed to see what relations can be derived from the Ward identity. 

If we set the magnetic field to zero i? = Wc = 0, the Ward identity becomes 


0 = - f (fxir - {5^^6^^ + f cPxp 
-iu I d^x + 5 V) + 

We find the conditions at zero frequency from the Ward identities 

J d^x finiuj -^0) = - J 


(2.55) 


d^x C(w ^ 0) = 


UJ 


d^xp, 


(2.56) 


lim / d"^xiujr] = 0. 
i^^oj 


The first equation is the relation between the Hall viscosity and the angular momentum density. 
The second equation is the equivalent to the pressure term in (3.11) of [2], i.e. it is the static 
response to an external strain when the pressure is non-zero. In particular it determines the 
response to changes in volume. We can understand its origin using the generating functional. 
The logarithm of the partition function is a functional of the external sources, in particular of 
the metric 

(2.57) 


gW[su] = z[gij] = / 


Where denote the fields in the theory. If we modify slightly the metric gij gij + 5gij, the 
hrst order variation of the generating functional is: 


5(^^W= / dtd^x^{r^)6gip 


(2.58) 


The second order variation includes two kind of terms: those that come from the variation of the 
one-point function, and those that come from the variation of the square root of the determinant, 
and that correspond to changes in the volume 


<5^') W = 11 dtd^x Vs {{T^^) + (r"') + 


5(rb') ^ d{T’^'^y 


ddijdgki- 


^ 2 \ / dgki dgij j 

For j the first kind introduce the contact term in the ‘bulk viscosity’. 

2.3.1 Non-zero magnetic field 


(2.59) 


If we contract ( 2.48 ) with 12^■ and 


vn 


/' 


d^xd^X x^'{p? — = (w^ — + uJc5'^^)S 


3 

2\2/ors 


rs\Hk 


d^x 


-^T + Y^n 


+ / d^xd^xx^x’^n^.n^idndmG^^"^^ - / d'^xp. 


(2.60) 
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We found that the contact term proportional to {J^) was also present when translation invariance 
is not broken. Since we are interested in the limit where translation invariance is recovered, we 
expect the same contributions to appear in the current correlator. Let us write the current 
correlator in terms of independent form factors 


Qum _ 


+ U,{x,x)e^^ + d^d^U.2{x,x) + + €^°d^)doIl„2,{x,x) 


4 + 

(2.61) 

There should be contributions that compensate the ~ x^ term in ( 2.60| ). For configurations that 
vary slowly in space, we can do an expansion in derivatives such that the leading terms are 




Bn + dnd^U^P, 




n, = 


^a; 




Bn + dnd^ui^\ 


(2.62) 


Then, 


(2.63) 


+ (e"<5^" + + e^’^6^^)Ug2, 

= -{oj^ - a;?)(ia;e^" + u;c(5"*)-5*^ J cfxiT - j cfxp 

-iuj J (fxQr^9.\{2f)5^^5^^ + + 2??//e^'(5*^) + • • • . 

The explicit formulas for the general Ward identities with Galilean invariance are listed in the 
appendix O- 

To lowest order in frequencies 


I (fixuj‘^ 


25ifc^r.n(i) + + ((5^(5*^" + 6^^6’^^)U2 


+ (e”(5^" + + e"^W)n 


= I d^xir - - < 5 "'= 5 ^ 


2 /^ci^rs );ik ^rk j^si j^sk^ri 




(fxp 


(2.64) 


— lOJOJ^ 


' J (fx{2p6^^6^^ + ({25'^^6^^ - - (5*^<5") + 2f)Hd^6^^). 

We get several conditions from equating the factors that multiply each of the tensor structures: 

' J (cj —)• 0) = — y (fx + iuiC + iuifj — 


2 2 
m uj^ 


2 2 

m uj^ 


2 2 

m oj^ 


J 


J (fxIl[^\uj^0) = —J (fxiuirjH, 
J 11^2 (w —)■ 0) = J cPx{p + iujC), 


(2.65) 


cfxUq2d‘^ —0) = 0. 
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For non-Galilean invariant cases with magnetic field, we have derived the formula for the general 
Ward identities in the Appendix |A.2| . 

In the incompressible Hall fluid [2] the Hall viscosity is constant, and 


(fxC = — / (fx{p — K ^). 


( 2 . 66 ) 


Where k-^ = This will in principle give terms that contribute to the form factor Hq 2 

and The values depend on the shear viscosity (or rather the shear modulus). According 

to [2,10] it should vanish at zero frequency for the incompressible Hall fluid (and on general 
grounds for any fluid). On the other hand one expects a “shear modulus” from the variation of 
the one-point function of the stress tensor in a background metric (see e.g. [8]), if ) , 

= -pg^’^g^' + • • • • (2.67) 

ogu 

However, in the case where the background metric is not flat the Ward identity should be modified 
so derivatives become covariant derivatives. Then, in order to properly keep track of the contact 
terms due to the variation of the metric, the analysis should be done with a general metric. We 
expect that the “shear modulus” terms will drop from the Ward identities. 


3. Conclusions 


We have generalized the Ward identities that relate viscosities and conductivities in 2 -|- 1 di¬ 
mensions as originally derived in [2] for systems with Galilean invariance. The Ward identity in 


( 2.18 ) is completely general and valid for relativistic systems or even for systems without boost 
invariance, and in the presence of an external magnetic field. We have also explicitly checked 
that when we impose Galilean invariance our results agree with those of [2]. 

When translation invariance is not broken the Ward identity becomes ( |2.23 ). This Ward 
identity can be derived from the conservation equation of the energy-momentum tensor, so it has 
appeared in other forms in the literature before. We have compared with results in a holographic 
model [4,5] at zero momentum and small frequencies. The results are consistent with each other, 
once contact terms in the correlators are properly taken into account. In this regard, a derivation 
from a generating functional may account for some of the contact terms in energy-momentum 
correlators more explicitly than the derivation we have presented in this paper. Notwithstanding, 
to the best of our knowledge the Ward identity has not been used yet to derive relations between 
viscosities and conductivities in a holographic model, this would be an interesting exercise for 
the future. 

When the angular momentum or the magnetization of the system are non-zero, translation 
invariance is broken. The general form of the Ward identity imposes some relations between 
transport coefficients and these quantities. For zero magnetic fields they fix the value of the 
Hall viscosity and inverse compressibility at zero momentum ( ^.56 ) in gapped systems. If the 
angular momentum is kept fixed as the breaking of translation invariance is removed, this will 
fix the value of the Hall viscosity in the translationally invariant system, as was argued in [1] 
(see also [2]). For gapless systems holographic calculations show that the Hall viscosity and the 
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angular momentum are not related in general [15,16]. It would be interesting to identify which 
contributions account for the difference using the general Ward identity. 
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A. Formulas for general Ward identities 


A.l Galilean invariant case with magnetic field 


The equation ( 2.63 ) can be written by using the expression of and H*; given in ( 2.3C ) 


m 


/ 


J cPx {OJ^ - ojlf Y^Y"(2n5^^ + ng 2 ) + 2Y^e^"nW 




Hk ^rs 


risks 1 ^rk sis , ^si s^k i ^sk sT'i\ 


q^e 


(fx — — oj‘1) £t + + uil){p + iuC + 2iujri) + Aui'^uIcTih) 

+Y^e^® ( — — Wc) £t — 2i(jj(jJc{p + iooC + 2icjjfj) — 2ia;(w^ + 

-[(^2 - w 2)(Y*Y^ + Y'^Y* - Y^Y")](p + iuC) . 


(A.l) 


Where we use = —2Y^e'’^. One finds there are four independent 

tensor structures: (YY"^ + Y^e"* + e”Y*^ + e^^Y*), (Y*Y^ + Y^Y* - Y*^Y"), Y*^Y" and Y^e^Y 
Thus there are four independent Ward identities 




w? 

(u;2 - Ujl)liq2 


2n« + n,2 

m2(a;2-a;2)2nW 


0 , 


-ip + iuC), 

— (cj^ + Wc) [p + iuj( + 2iujfi) — 

—iuiuic{p + iojQ + 2iuiff) — iuj{uj^ 


LOciu? - ijjI)£t - 



^{0? +ojI)ph, 


(A.2) 


where the integral f d?x is assumed for both sides of the equations. Note that Onsager relations 
are satisfied. These are the general ward identities that should be satisfied for a Galilean in¬ 
variant system with time translation and rotation invariance (not necessarily space translation 
invariance) in the presence of a constant magnetic field. 
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A.2 General case with magnetic field 


Starting from the general Ward identity ( 2.13 ), we obtain 


= -icve^^S^^ / (f . 


X 


£t - 




(A.3) 


xp. 


We would like to evaluate this Ward identity by using similar form given in (2.61) 


Q0n,m _ 

^n,0m _ 

^0n,0m. _ 

along with 


YlJT^nm 


+ + e^°d'^)doUii 


% 4 + GO^’”^, 






^ lirr^nm ^ Qngm^TT ^ ^^-mogn ^ ^nogm^g^^r. 


TT 

q^e 


4 + G' 


Ori.Om 


=nf 

n, =nW +(9„d^nW. 

Where we use shorthand notation 11 = n(x,£). 


The general Ward identity (A.3) becomes 


(fx^ 




2 L 




/ 


+ / d^x 


iioB , 


(gifcji* + ^ ^Ik^ij ^ - ifj]) 

+ + S^l^jk _ §ki^jl^^^2j^TT ^ 2iojB[IlJJ^ - - S^n^/) 

+ + 2YiY^^^] + + 2iujB[Ui^^^^ + 

+(5*^e^'(2w2nf^(i) - + 2B‘^U-^/^^^ - iuB[U^J + U^2^]) 


(A.4) 


(A.5) 


(A.6) 


= J d^x (^£t - + i^C) 

_l_ _|_ _|_ 2iijjff) — 2iu)5''^e^^fiH ■ 

By comparing the tensor structure of both sides as before, (e-^^<5^® + e-^*<5^^ + e^^5*-^ +e^*(5-^^), (W^ + 
§il§jk _ §ki^jl-^^gik^jl^^ik^jl^ 


/ 

/ 






X 


^2njr(o) + + np(°)] + 

^2jjrr(0) _g 


= 0 , 


X 


(A.7) 


= iu} d X —Bn 
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for the terms with additional factor inside the integral, and the remaining parts 

- n^i = o, 

+ 2iuB[Yill - if^l] - = -{p + iu:C), 

=p + iuC + 2iojfi, 

2^2nTT(i) _ + 2S2n/'^(^) - iujB[U^T + u^i'] = -iojiT - 2iufiH. 


where we suppress the integral f cfx. 
are valid without Galilean invariance, 
required. 


The general ward identities, equations (A^) and ( A.8 ), 
Only the time translation and rotational invariances are 
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